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Abstract

The Kolmogorov width of the classes of functions with mixed smoothness in the anisotropic

space and that of the anisotropic class in the space of functions with mixed smoothness are

considered. The asymptotic order of the widths and weakly asymptotic optimal approximation

subspaces which realize the order of widths are also given.
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1. Introduction

Let pd ¼ ½0; 2p�d be a d-dimensional torus, and let Lp :¼ LpðpdÞ; 1pppN; be the

usual space of Lp-integrable functions on pd : For eCed :¼ f1; 2;y; dg; r ¼
ðr1;y; rdÞ40 (i.e., rj40; j ¼ 1;y; d), letDre

f ðxÞ :¼ ð
Q

jAe
@rj

@x
rj

j

Þf ðxÞ be the generalized
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derivative of f in the sense of Weyl (see [2,4]). In the following, we always suppose

that r ¼ ðr1;y; rdÞARd ;R ¼ ðR1;y;RdÞARd ; r; R40: Then the anisotropic

Sobolev space WR
p and the Sobolev space W r

mix; p of functions with mixed derivative

are defined as follows (see [4]):

WR
p :¼ fALp : jj f jjWR

p
:¼ jj f jjp þ

Xd

j¼1

@Rj f

@x
Rj

j

�����
�����

�����
�����
p

oN

8<
:

9=
;; ð1:1Þ

W r
mix; p :¼ fALp : jj f jjW r

mix; p
:¼
X
eCed

jjDre

f jjpoN

( )
: ð1:2Þ

When R1 ¼ R2 ¼ ? ¼ Rd ; WR
p is the usual Sobolev space.

For R; r40; we denote ki ¼ ½Ri� þ 1; li ¼ ½ri� þ 1; 1pipd: Then the anisotropic

Hölder–Nikolskii space HR
p and the Hölder–Nikolskii space Hr

mix; p of functions with

mixed difference are defined in the following way (see [4]):

HR
p :¼ fALp : jj f jjHR

p
:¼ jj f jjp þ

Xd

j¼1
sup
hj40

h
�Rj

j � jjDkj

hj ;j
f jjpoN

( )
; ð1:3Þ

Hr
mix; p :¼ fALp : jj f jjHr

mix; p
:¼
X
eCed

sup
h40

Y
jAe

h
�rj

j � jjDle

he f jjpoN

( )
; ð1:4Þ

where h ¼ ðh1;y; hdÞ40; and

Dle

he f ðxÞ :¼
Y
jAe

Dlj
hj ;j

 !
f ðxÞ; Dl j

h j ;j
f ðxÞ :¼

Xlj

k¼0
ð�1Þlj�k lj

k

� �
f ðx1;y; xj þ khj ;y; xdÞ:

Let X be a Banach space with the norm jj � jjX ; and F be a (convex, compact,

centrally symmetric) subset of X : Then the Kolmogorov M-width of F in X is
defined by

dMðF ;XÞ :¼ inf
LM

sup
fAF

inf
gALM

jj f � gjjX ; ð1:5Þ

where LM runs over all subspaces of X of dimension M or less. More information on
Kolmogorov widths can be found in [3].

Let Fr
mix;p denote one of the spaces with mixed smoothness W r

mix;p; Hr
mix;p; let FR

p

denote one of the anisotropic spaces WR
p ; HR

p ; and let BF r
mix;p; BFR

p be the unit balls

of the spaces Fr
mix;p; FR

p ; respectively. In this paper, we consider the Kolmogorov M-

width of the classes BF r
mix;p in the space FR

p (if r � R40) and that of the classes BFR
p

in the space Fr
mix;p (if

Pd
i¼1 ri=Rio1). We find the asymptotic order of the widths and

give weakly asymptotic optimal approximation subspaces which realize the order of
widths. Our main results are the following:
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Theorem 1. Let 1pppN; r � R40; %a :¼ min1pipd ai; ai ¼ ri � Ri; i ¼ 1;y; d: Then

dMðBFr
mix;p;FR

p Þ^M�%a: ð1:6Þ

Theorem 2. Let 1pppN; u :¼
Pd

i¼1 ri=Rio1; gðRÞ :¼
Pd

j¼1 R�1
j

� ��1
: Then

dMðBFR
p ;Fr

mix;pÞ^M�ð1�uÞgðRÞ: ð1:7Þ

Remark. In [1] Bugrov obtained that HR
p can be continuously imbedded into the

space Hr
mix; p if

Pd
i¼1 ri=Rip1: Here Theorem 2 shows that FR

p can be compactly

imbedded into the space F r
mix; p if

Pd
i¼1 ri=Rio1: Also Theorem 1 shows that Fr

mix; p

can be compactly imbedded into the space FR
p if r � R40:

2. Some lemmas

Lemma 1. Let 1pppN; r;R40: Then for all fAWR
p ; gAW r

mix;p; we have

jj f jjHR
p
{jj f jjWR

p
; jjgjjHr

mix;p
{jjgjjW r

mix;p
: ð2:1Þ

Let VmðtÞ be the Vallee–Poussin kernel on ½0; 2p�; that is

VmðtÞ ¼ 1þ 2
Xm

k¼1
cos kt þ 2

X2m�1

k¼mþ1
1� k � m

m

� �
cos kt; V2�1ðtÞ 
 1; V2�2ðtÞ 
 0:

For fALp; s ¼ ðs1;y; sdÞAZd ; sX0; we define

AsðxÞ ¼
Yd

j¼1
ðV2sj�1ðxjÞ � V2sj�2ðxjÞÞ; As f ðxÞ ¼ As � f ðxÞ: ð2:2Þ

Lemma 2. Let 1pppN; r ¼ ðr1;y; rdÞ40: Then for any fAHr
mix;p; we have

jj f jjHr
mix;p

^ sup
sX0

2ðr;sÞjjAs f jjp: ð2:3Þ

where ðr; sÞ ¼ r1s1 þ?þ rdsd :

For R ¼ ðR1;y;RdÞ40; s ¼ ðs1;y; sdÞAZd ; sX0; nAZþ; we denote

gðRÞ :¼
Xd

j¼1
R�1

j

 !�1

; Qn
R :¼ fsX0 j sjp½ngðRÞ=Rj�; 1pjpdg; ð2:4Þ

ARTICLE IN PRESS
H. Wang, Y. Sun / Journal of Approximation Theory 126 (2004) 52–5954



Vð f ;R; nÞðxÞ ¼
X
sAQn

R

As f ðxÞ; ð2:5Þ

Að f ;R; 0Þ ¼ Vð f ;R; 0Þ; Að f ;R; nÞ ¼ Vð f ;R; nÞ � Vð f ;R; n � 1Þ: ð2:6Þ

Lemma 3. Let 1pppN; R ¼ ðR1;y;RdÞ40: Then for any fAHR
p ; we have

jj f jjHR
p
^ sup

nX0

2n gðRÞjjAð f ;R; nÞjjp ð2:7Þ

For the proof of Lemmas 1–3, see [4].

First we suppose that u :¼
Pd

i¼1 ri=Rio1: For JAZþ; we denote

CJ
R :¼

[
sAQJ

R

rðsÞ; rðsÞ :¼ fk ¼ ðk1;y; kdÞAZd j½2sj�1�pjkj jo2sj ; j ¼ 1;y; dg

ds f ðxÞ :¼
X

kArðsÞ
f̂ðkÞeiðk;xÞ; f̂ðkÞ :¼ ð2pÞ�d

Z
pd

f ðxÞe�iðk;xÞ dx;

TðCJ
RÞp :¼ fALpj f ðxÞ ¼

X
kACJ

R

f̂ðkÞeikx ¼
X
sAQJ

R

ds f ðxÞ

8<
:

9=
;: ð2:8Þ

It is easy to show that Vð f ;R; JÞ is a bounded linear operator from Lp into

TðCJ
RÞp ð1pppNÞ and dim TðCJ

RÞp^2J : Moreover, we have

Lemma 4. Let 1pppN; u ¼
Pd

i¼1 ri=Rio1: Then for any fABHR
p ; we have

jj f � Vð f ;R; JÞjjW r
mix; p

{2�ð1�uÞJgðRÞ: ð2:9Þ

Proof. By the Bernstein inequality and Lemma 3, we have

jj f � Vð f ;R; JÞjjW r
mix;p

¼
X
n4J

Að f ;R; nÞ
�����

�����
�����

�����
W r
mix;p

p
X
n4J

jjAð f ;R; nÞjjW r
mix;p

{
X
n4J

2
Pd

i¼1 ri ½n gðRÞ=Ri � jjAð f ;R; nÞjjp

{
X
n4J

2u n gðRÞ2�n gðRÞjj f jjHR
p
{2�ð1�uÞJgðRÞ ð2:10Þ

Lemma 4 is proved. &
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For JAZþ; %s :¼ ð½JgðRÞ=R1�;y; ½JgðRÞ=Rd �Þ: Denote

Tð%sÞp :¼ fALpj f ðxÞ ¼
X

kArð%sÞ
f̂ðkÞeikx ¼ d%s f ðxÞ

8<
:

9=
;:

Lemma 5. Let 1pppN; u ¼
Pd

i¼1 ri=Ri; fATð%sÞp: Then

jj f jjHr
mix;p

b2ugðRÞJ jj f jjp: ð2:11Þ

Proof. Denote Q%s ¼ fs ¼ ðs1;y; sdÞj si ¼ ½JgðRÞ=Ri� or ½JgðRÞ=Ri� þ 1; i ¼
1;y; dg: It is easy to verify that Asf 
 0 if s %AQ%s and the number of the element

of Q%s is 2
d : By Lemma 2 we get that

jj f jjHr
mix;p

^ sup
sX0

2ðr;sÞjjAs f jjp^2ugðRÞJ max
sAQ%s

jjAs f jjp

^2ugðRÞJ
X
sAQ%s

jjAsf jjpX2ugðRÞJ jj
X
sAQ%s

As f jjp ¼ 2ugðRÞJ jj f jjp:

Now we consider the case a :¼ r � R40: For JAZþ; %a :¼ min1pipdai; ai ¼ ri � Ri;
0omo1; we define

Cm
J :¼

[
sAQ

m
J

rðsÞ; Q
m
J :¼ sAZd

þj ða; sÞ þ m ðR; sÞ � max
1pipd

ðRisiÞ
� �

p%aJ

� �

ð2:12Þ

TðCm
JÞp :¼ fALpjj f ðxÞ ¼

X
kACm

J

f̂ðkÞeikx ¼
X
sAQ

m
J

dsf ðxÞ

8<
:

9=
;; & ð2:13Þ

TðCm
JÞp is called hyperbolic cross trigonometric subspace. We want to compute its

dimension. First we introduce a lemma.

Lemma 6. (see Temlykov [4]) Let k40; a ¼ ða1;y; adÞ; b ¼ ðb1;y; bdÞ40; gi ¼
ai=bi; i ¼ 1;y; d; and g ¼ g1 ¼ ? ¼ gnognþ1p?pgd ; 1pnpd: ThenX

ðb;sÞ4J

2�kða;sÞ^2�kgJ � Jn�1 and
X

ða;sÞpJ

2kðb;sÞ^2kgJ � Jn�1: ð2:14Þ

From Lemma 6 we know that

dimTðCm
JÞp ¼ jCm

J j ¼
X
sAQ

m
J

jrðsÞj^
X
sAQ

m
J

2ðs;oÞ^
Xd

j¼1

X
ðs;ajÞp%aJ

2ðs;oÞ^2J ; ð2:15Þ

where o ¼ ð1;y; 1Þ; aj ¼ ðaj
1;y; aj

dÞ; a
j
j ¼ aj; a

j
i ¼ ai þ mRi; iaj:
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For fALp; we set

V
m
J ð f ; xÞ ¼

X
sAQ

m
J

As f ðxÞ: ð2:16Þ

Then V
m
J is a bounded linear operator from Lp into TðCm

JÞp ð1pppNÞ: Moreover,
we have

Lemma 7. Let 1pppN; 0omo1; r � R40; %a :¼ min1pipd ai; ai ¼ ri � Ri: Then

for any fABHr
mix;p; we have

jj f � V
m
J f jjWR

p
{2�%aJ : ð2:17Þ

Proof. By the Bernstein inequality and Lemma 2, we have

jj f � V
m
J f jjWR

p
¼

X
s %AQ

m
J

As f

������
������

������
������
WR

p

p
X
s %AQ

m
J

jjAs f jjWR
p
{
X
s %AQ

m
J

2max1pipd ðRisiÞ jjAs f jjp

{
X
s %AQ

m
J

2�ðr;sÞþmax1pipd ðRisiÞ jj f jjHr
mix;p

pK ð2:18Þ

where K :¼
P

s %AQ
m
J
2�ðr;sÞþmax1pipd ðRisiÞ: Let us estimate K : Since 0omo1; aiþRi

aiþmRi
41;

by Lemma 6 we know that

K ¼
X
s %AQ

m
J

2�ðr;sÞþmax1pipd ðRisiÞ p
Xd

j¼1

X
ðs;ajÞ4%aJ

2�ðs;bjÞ{2�%aJ

where bj :¼ ðbj
1;y; bj

dÞ; aj :¼ ðaj
1;y; aj

dÞ; aj
j ¼ bj

j ¼ aj; aj
i ¼ ai þ mRi; bj

i ¼
ai þ Ri; iaj:
Lemma 7 is proved. &

Lemma 8. (see Pinkus [3]). Let Xn be a subspace of a normed linear space

X whose dimension n is greater than M; and let BXn denote the closed unit ball of

Xn: Then

dMðBXn;XÞ ¼ 1:
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3. Proof of Theorems 1 and 2

First, by (2.1) we know that

dMðBW r
mix;p;HR

p Þ{
dMðBW r

mix;p;WR
p Þ

dMðBHr
mix;p;HR

p Þ
{dMðBHr

mix;p;WR
p Þ; ð3:1Þ

dMðBWR
p ;Hr

mix;pÞ{
dMðBWR

p ;W r
mix;pÞ

dMðBHR
p ;Hr

mix;pÞ
{dMðBHR

p ;W r
mix;pÞ: ð3:2Þ

So it suffices to prove the upper estimate for dMðBHr
mix;p;WR

p Þ; dMðBHR
p ;W r

mix;pÞ and
the lower estimate for dMðBW r

mix;p;HR
p Þ; dMðBWR

p ;Hr
mix;pÞ:

Upper estimates. By Lemma 7 we see that

dMðBHr
mix;p;WR

p Þp sup
fABHr

mix;p

jj f � V
m
J f jjWR

p
{2�%aJ : ð3:3Þ

where J ¼ JðMÞ satisfies J ¼ supfkAZþjdimTðCm
kÞppMg; 0omo1: So from (2.15)

we can infer that 2J^M: Hence

dMðBHr
mix;p;WR

p Þ{M�%a: ð3:4Þ

Similarly we can get

dMðBHR
p ;W r

mix;pÞ{M�ð1�uÞgðRÞ: ð3:5Þ

Lower estimates. Let J satisfy 2J�d�1pMo2J�d ; %s :¼
ð½JgðRÞ=R1�;y; ½JgðRÞ=Rd �Þ: Denote

Tð%sÞp :¼ fALpj f ðxÞ ¼
X

kArð%sÞ
f̂ðkÞeikx ¼ d%s f ðxÞ

8<
:

9=
;:

For all fATð%sÞp; by the Bernstein inequality and Lemma 4, we have

jj f jjWR
p
{2JgðRÞjj f jjp{2ð1�uÞJgðRÞjj f jjHr

mix;p
: ð3:6Þ

So we obtain that c � 2�ð1�uÞgðRÞJ � BHr
mix;p-Tð%sÞpCBWR

p ; where c is a positive

constant. Hence by Lemma 8 we obtain that

dMðBWR
p ;Hr

mix;pÞb2�ð1�uÞgðRÞJdMðBHr
mix;p-Tð%sÞp;Hr

mix;pÞb2�ð1�uÞgðRÞJ : ð3:7Þ

Now let r � R40: For simplicity we suppose that %a ¼ min1pipdðri � RiÞ ¼
r1 � R1: Let J satisfy 2J�2pMo2J�1; J̃ ¼ ðJ; 0;y; 0Þ: Denote

Tðs̃Þp :¼ ffALpj f ðxÞ ¼
X

kArðs̃Þ
f̂ðkÞeikx ¼ ds̃ f ðxÞg:

For all fATðs̃Þp; similar to the proof of (3.6), we can get that

jj f jjW r
mix;p

{2%aJ jj f jjHR
p
: ð3:8Þ
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So by Lemma 8 we obtain that

dMðBW r
mix; p;HR

p Þb2�%aJdMðBHR
p -Tðs̃Þp;HR

p Þb2�%aJ : ð3:9Þ

The proof of Theorems 1 and 2 is complete.
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